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The possibility of a drift of charged particles in a non-newtonian fluid by a spatially homogeneous time-periodic and 
non-sine-shaped electric field is proved theoretically. The phenomenon may be important in the transfer accompanied 
interaction between living cells and dispersive particles and also between intracellular organelles. 

1. Electrophoresis [1] and its diversified modifica- 
tions have been investigated in direct and alternative, 
homogeneous and nonhomogeneous, fields [2,3]. In 
this connection, a particle directed drift by an alter- 
native spatially homogeneous field without a direct 
component is regarded to be impossible. This point 
of view is true, apparently, when a fluid in which a 
motion takes place may be described by Newton's 
model if the time dependence of the field strength 
has a sine-shaped character. However, there are numer- 
ous fluids which are not subject to Newton's model 
[4]. Distilled water, for example, is traditionally stud- 
ied in the frame of the Newton model, but under cer- 
tain conditions it is characterized by a shearing strength 
[5]. This fact suggests that under this conditions a 
newtonian description is inadequate. Biofluids, such 
as intracellular and intercellular fluids, blood, etc., are 
substantially non-newtonian. It is essential for the forth- 
coming consideration that a friction force, when a 
body is moving in a non-newtonian fluid, is nonlinear- 
ly velocity-dependent. 

On the other hand, time-periodic fields occurring 
in nature do not necessarily alter according to a simple 
harmonic law. Multivarious periodic electric signals 
can be produced by living cells and its various consti- 
tuents [6]. In particular these can be saw-shaped pulses 
or the aggregate of several harmonics, and they will 
be considered below. 

Here we consider charged-particle motion in a non- 
newtonian fluid caused by a periodic electric field. 
The possibility for directed drift caused by a spatially 

homogeneous periodic field without a direct compo- 
nent is established. The absence of the direct compo- 
nent means that the electric force applied to a particle 
equals zero averaged in time. Nevertheless the complete 
force, composed of electric and friction forces, turns 
out on the average to be different from zero, due to 
the nonlinearity of the velocity dependence of the 
friction force. Caused by nonlinear friction, the directed 
drift under the action of the electric force (on the av- 
erage equal to zero) will be named below as nonlinear 
electrofrictiophoresis (NEFP). 

2. We study particle movement neglecting its brown- 
Jan motion and orientation. In this case the equation 
of particle motion can be written in terms of the scalar 
dimensionless velocity 

b + ?~v - eG(v) =f ( t ) ,  (1) 

where v is the particle velocity; X, e t> 0; eG(v) is the 
nonlinear friction component caused by the deviation 
from Newton's model;f(t)  is a periodic function of 
unit period which characterizes the force from the field 
applied to a particle. It follows from physical reasoning 
that the complete friction force is characterized by a 
nondecreasing function of velocity: 

(d/do) [kv - eG(v)] >t O. (2) 

The behavior of the solutions to eq. (1) at large 
times is characterized by the following statement. 

Let the condition (2) be fulfilled and the function 
f ( t )  be differentiable. Then eq. (1) has a unique 
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solution for all t E R. This solution tends to the 
unique periodic solution v*(t) of  unit period and is 
independent o f  the initial velocity. 

When one searches for the solution to eq. (1), the 
iteration scheme which gives as output  of  each step 
the periodic function On(t ) , this being the terminal 
solution to the linear equation, may be used: 

{~0 + )to0 = f ( t ) ,  (3) 

{Jn +)ton - eG(vn-1) =f ( t ) ,  n = 1,2 . . . . .  (4) 

The periodic solution to eq. (3) may be obtained ac- 
cording to the formula [7] 

t+l  

o;(0-  1 f 
e h 1 t 

Analogously, the periodic solutions to eq. (4) may be 
obtained by the formulae 

t+ l  

o:(t)- e f e-X(t-°)G(Vn_l(O))dO +v;(t) ,  
e h - l t  

n = l , 2  . . . . .  

Let us assume that the function G(v) satisfies the 
following condition 

sup IG(Vl) - G(v2)I ~<A Iv 1 -o21,  

I v l l < M ,  Iv21~<M, 

where M = suP0<t< 1 Iv*(t)l. rhen  the successive 
iterations on(t ) converge to the periodic solution to 
eq. (1) uniformly in t when n -+ ~ i fA e/)t < 1. 

3. Let ~g) denote the time averaged value of  the pe- 
riodic function g(t) with unit period: ~g) = f l  g(t)dt. 
Thenf ( t )  f rom (1) satisfies the condition 93 = 0. The 
case when in addition (o*) :~ 0, is of  special interest. 
The average velocity in the terminal rate differs then 
from zero, i.e. directed drift occurs. Let us try to esti- 
mate the value o f  the direct component  for the precise 
solution v*(t) starting from the values of  the direct 
component  for the outputs of  the successive iterations. 
First of  all 93 = 0 implies (v~) = 0. Integrating by t 
the expressions for On(t), we obtain the formulae (v n) 
= (e/)t) (G(Vn_l)), n = 1, 2 . . . . .  Let us assume that 

<of> 0. (5) 
Then the direct component  value for the precise solu- 

tion satisfies the estimate 

I(o*)-(v~)l<, Ae/______XX (IA~I), (6) 
1 -Ae /X  

where 
1 

e f e x° G(o~(t +0))d0. 
= eX- - - - - i  0 

I f (A e/)t) [(1 - A e/)t)] - 1 <1 a ~ I) < (I o~ I>, then (5) 
and (6) imply that the precise solution has a 
direct component  whose sign coincides with the sign 
of (v~), and the absolute value is estimated by (6). 

As it is stated above, NEFP occurs when 93 = 0 but 
(v*) :~ 0. I f  the nonlinear friction component  eG(o) 
differs from zero, the required situation is rather the 
rule than the exception. We, therefore, mention the 
conditions which contradict this and which eliminate 
the possibility of  NEFP. A funct iong(t)  is called anti- 
periodic if there exists such a T > 0 that the equality 
g(t  + 7) = - g ( t )  holds for each t E FI. I f f ( t )  in eq. (1) 
is an antiperiodic function then (v~) = 0, as well as (v*) 
= 0 .  

The function sin(2m), cos(2m) and their odd powers 
are antiperiodic (T  = ½), thus a field which alters ac- 
cording to one of  those laws cannot induce NEFP. 
However the saw-shaped signal 

1 1 f ( t )=at ,  t E [ - ~ ; ~ ] ,  

f ( t  + 1) = f ( t ) ,  t E Iq, (7) 

or a signal consisting of  the basic tone and the first 
overtone 

f( t)  = a cos (2rrt) + b cos(4m + ~)  (8) 

provide (5). For G(o) = v 3 

{v F) =~ ea/)t 5 + o(1/X 5) 

for the saw-shaped signal case (7) and 

(V~) = e a 2 b 

)t 2()t2 + 4rr2)()t 2 + 16 7r2) 1/2 

for the sum of  two harmonics (8). From the aforesaid 
it foUows that for smal enough e the precise solution 
has also a direct component ,  i.e. NEFP occurs. 

4. Let us compare the effectiveness of  the NEFP 
and that of  electrophoresis in a constant field. We con- 
sider the constant force field F = (Ltq) along.fit). Under 
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the action o f F  a particle in the terminal rate will drift  
with some constant speed op.  We define the effective- 
ness o f  NEFP as the quotient  (v*)/cP. In the saw-shaped 
signal case (7)  or the case of  the sum of  two harmonics 
(8) the value of(o*) is est imated from below according 
to (6). In this connect ion the effectiveness is not  less 
than several percent.  

In conclusion we note that the terminal solution 
to eq. (1) depends on the signal form of  the applied 
force in a complicated way. Signals with equal am- 
plitudes but  of  diverse forms may give an absolutely 
different effectiveness of  NEFP. In this sense it can 
be stated that  the nonlinear medium (dispersed parti- 
cles in a non-newtonian fluid) is sensitive to informa- 
t ion characteristics of  the action as well as to its power 
ones. In particular the equation with a complete fric- 
t ion force proport ional  to the one-third power of  the 
velocity has been considered along with eq. (1). The 
expression ~o 1/3 for friction velocity dependence is in 
qualitative agreement with the experimental  data for 

electro-osmosis by a small strength electric field in water 
[2].  In this case it appears to be possible to pick out 
the signal.fit) as a sum of  six successive harmonics in 
such a way that  the effectiveness reaches 43%. 
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